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First it is shown that the Jordan kernel Jk(D(L)) of the division ring of quotients 
D(L) of the universal enveloping algebra U(L) of a finite-dimensional Lie algebra L 
is isomorphic to the group ring of the free Abelian group of weights of L in D(L) 
over a Weyl algebra A,(Z), where Z is a polynomial ring over the center Z(D(L)) 
of D(L). In particular, it is a maximal order in its division ring of quotients and its 
center is a unique factorization domain. These two properties are then investigated 
for the Jordan kernel Jk( U(L)) of U(L). Therefore, the centralizer C,(L”) of the 
characteristic ideal L” of L in U(L) is studied, since it coincides with Jk(U(L)) in 
most cases. In particular, we compute its Gelfand-Kirillov dimension and we derive 
necessary and sufGent conditions in order for CU(Lm) to coincide with Z( U(L”)). 
Finally, we sharpen the previous results in the case that L is a Frobenius Lie 
algebra. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Let L be a finite-dimensional Lie algebra over a commutative field k of 
characteristic zero. Denote the universal enveloping algebra of L by U(L) 
and its division ring of quotients by D(L). The eigenspace D(L), and the 
weight space D(L)” of D(L) with respect to a function ;1 from L to k are 
defined by 
and 
Then D(L), c D(L)” are submodules of D(L). Moreover, D(L)” is nonzero 
if and only if D(L), is nonzero, and in that case, 2 has to be a character of 
L [18, Thm. 31. Set U(L),=D(L),n U(L) and U(L)“=D(L)“n U(L). 
Then the same properties hold for U(L)” and U(L),. In particular, each 
WED(L)” can be written as w=uv ~ ’ for some u E U(L)p, 0 # v E U(L),, 
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where d = p - v [ 18, Prop. 171. Define the Jordan kernel (resp. semi-cen- 
ter) of D(L) as the direct sum of all nonzero weight spaces (resp. 
eigenspaces) of D(L) [notation: Jk(D(L)) (resp. Sz(D(L)))]. The Jordan 
kernel and the semi-center of U(L) are defined similarly. 
PROPOSITION 1.1. The following conditions are equivalent: 
(1) L has a Levi factor S of which the centralizer C,(S) of S in L has 
a Cartan subalgebra H such that ad,h is trigonalizable for each h E H. 
(2) For each Levi factor S and for each Cartan subalgebra H of 
C,(S), ad,h is trigonalizable for each h E H. 
Proof Let S and H such that (1) is satisfied. Furthermore let S’ be an 
arbitrary Levi factor of L and H’ an arbitrary Cartan subalgebra of the 
centralizer C,(S’) of S’ in L. By Malcev’s theorem [3, Sect. 6, Thm. 51 
there exists an element m of the nilpotent radical of L such that S’ = 
exp(ad,m)(S). Since exp(ad,m) is an automorphism of L, C,(S’)= 
exp(ad,m)(C,(S)) and hence, exp(ad,m)(H) is a Cartan subalgebra of 
C,(S) [4, Chap. VII, Section 2, Cor. 2 of Prop. 41. Let (C,(S’))co denote 
the intersection of all terms of the descending central series of C,(S) [lo, 
1.3.11. As C,(S) c R, the radical of L, it is solvable and hence, there exists 
an element n E (C,(S’))co such that H’ = exp(adc,cs.,n)(exp(ad,m)(H)) [4, 
Chap. VII, Sect. 3, Thm. 33. But (C,(S’))m c [C,(S), C,(S)] c [L, R] 
which equals the nilpotent radical of L [lo, Prop. 1.7.11. So ad,n is 
nilpotent and exp(ad,n) is an automorphism of L such that H’= 
exp(ad,n) 0 exp(ad,m)(H). Denote exp(ad,n) 0 exp(ad,m) by T. Now let 
h’ E H’ be arbitrary, then there exists a unique h E H such that h’= T(h). 
But then ad,h’= Toad,ho T-’ and hence, ad,h’ and ad,h have the same 
characteristic polynomial. So ad,h’ is trigonalizable if and only if ad,h is 
trigonalizable. This proves the first implication. The second one is obvious. 
COROLLARY 1.2. Zf L is solvable, then the following conditions are 
equivalent : 
(1) L has a split-Cartan subalgebra (i.e., L has a Cartan subalgebra H 
such that ad, h is trigonalizable for all h E H ). 
(2) Each Cartan subalgebra of L is split-Cartan. 
DEFINITION 1.3. We say that L satisfies the splitting condition, if it 
satisfies the conditions of the proposition. 
Remark 1.4. (a) If k is algebraically closed, then each Lie algebra L 
satisfies the splitting condition. 
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(b) All results in [S, 181 remain true if one replaces the condition “k 
is algebraically closed” in [8] and the condition “L has a split-Cartan sub- 
algebra” in [ 181 by “L satisfies the splitting condition.” This is easily 
observed if one considers the following facts: Let L” denote the intersec- 
tion of all terms of the descending central series of L [ 10, 1.3.11. Then 
(i) L = L” + H for each Cartan subalgebra H of C,(S), where S 
is an arbitrary Levi factor of L. 
(ii) For each regular element x of L [lo, 1.9.8; 4, Sect. 2, Def. 21, 
the subalgebra of L generated by L+(x) = n im(ad x)~, where the inter- 
section ranges over all nonnegative integers n, is equal to L” [27, 
Lemma 2.11. 
In particular, we have 
PROPOSITION 1.5. Let L” denote the intersection of all terms of the 
descending central series of L [lo, 1.3.11 Then Jk(U(L)) c Cu(Lm), the 
centralizer of L” in U(L), and equality occurs if L satisfies the splitting 
condition. 
ProoJ: The proposition follows from [ 18, Thm. 27, Cor. 281 and the 
previous remark. 
2. A STRUCTURE THEOREM AND SOME CONSEQUENCES 
In the remainder of this note, we use the following notations: A(L) (resp. 
A,(L)) is the set of all linear functionals ;1 E L* of L for which U(L)” (resp. 
D(L)A) is nonzero. Note that the group A,(L) is generated by /1(L). If S is 
a subset of U(L) (resp. D(L)), we denote the centralizer of S in U(L) (resp. 
D(L)) by C,(S) (resp. C,(S)). Furthermore, the center of a ring R is 
denoted by Z(R). 
PROPOSITION 2.1. Let L, be the intersection of the kernels of all I E A(L) 
and let L” be as in Proposition 1.5. Then C,(L”) c U(L,) and C,(L”) c 
D(L, 1. 
ProojI First note that L” is a characteristic ideal of L. Moreover, L” 
is the smallest ideal M of L such that L/M is nilpotent. Now let u be a 
semi-invariant of U(L), i.e., 0 # u E U(L), for some il E A(L). By the 
nilpotency of L/L”, there exists a nonzero u E D(L), n D(L”) [ 11, 4.101. 
Now UK’ E D(L),=Z(D(L)), so u =au for some aEZ(D(L)) and 
thus Sz(U(L))cZ(D(L))-D(L”). But C,(L”)= C,(Z(D(L)).D(L”))c 
C,(Sz(U(L)))= D(L,), where the last equality was settled in [S, 
Cor. 1.161. So CD(Lm) c D(L,) and C,(L”) = CD(Lm) n U(L) c D(L,) n 
U(L) = U(L,). 
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COROLLARY 2.2. Let L, be as above. Then C,(L,) = Z(U(L,)). In 
particular, Z( U(L,)) is algebraically closed in U(L). 
Proof Since L” c L,, C,(L,) c CU(Lm) c U(L,) and thus C,(L,) = 
U(L,) n C,( L,) = Z( U( L,)). The second part of the corollary follows from 
[ 14, Prop. 3.31. 
COROLLARY 2.3. Let L, be as above. Then Jk( U(L)) c U(L, ) and 
Jk(D(L)) c D(L,,). In particular, the elements of Jk(U(L)) (resp. Jk(D(L))) 
commute with each semi-invariant of U(L) (resp. D(L)). 
Proof: The first part of the corollary follows from Propositions 2.1 and 
1.5 and from [lS, Cor. 18; 8, Thm. 1.19(l)]. As U(L,)= C,(Sz(U(L))), the 
elements of Jk( U(L)) commute with each semi-invariant of U(L). Further- 
more, each semi-invariant of D(L) is a quotient of two semi-invariants of 
U(L) [8, Prop. 1.81 and since D(L,) = C,(Sz(U(L))), Jk(D(L)) commutes 
with each semi-invariant of D(L). This proves the corollary. 
Before we state the main theorem, we also fix the following notations: if 
A is a k-algebra, we denote by A,(A) the k-algebra A,(A) = A,(k)Qk A, 
where A,,,(k) is the Weyl algebra of degree m over k. Furthermore, for a 
subset S of A, we denote the localization of A at S (if it exists) by A,. In 
particular, if e E A, A, denotes As, where S = { 1, e, e2, . ..} (if it exists). 
THEOREM 2.4. (1) Let {,I,, A2, . . . . A,} be a Z-basis for the free abelian 
group A,(L) [20] and choose semi-invariants wi of D(L) with corre- 
sponding weight li (i= 1, 2, . . . . r). Then Jk(D(L)) = D(L)“[w,, w2, . . . . w,; 
w;‘, w;‘, . ..) WI’ 1, the subalgebra of D(L) generated by D(L)” and 
-1 --I WI, w2, . . . . w,, WI , w2 , "., w, -I. In particular, Jk(D(L)) is isomorphic (as a 
k-algebra) to the group ring D(L)“[A,(L)]. 
(2) D(L)‘= = A,(Z(D(L)“)) f or some nonnegative integer m. 
(3) Z(D(L)“) is a pure transcendental extension of Z(D(L)), i.e., 
Z(D(L)“) = Z(D(L))[z,, z2, . . . . z,] for some z,, z2, . . . . z, E Z(D(L)“) which 
are algebraically independent over Z( D( L)). 
Pro05 Take {A,, A,, . . . . A,} and wi, w2, . . . . w, as above. Then for each 
1 E A,(L) there exist unique integers m,, m,, . . . . m, such that 1= m, A1 + 
mz& + ‘. . + m il . Furthermore wy’wy.. . 
D(L)“wy’wy . .: wry. 
WY E D(L),. But then D(L)” = 
Indeed, if W’E D(L)‘, then w( ~~1~~2 . . fw?) - ’ E D(L)” 
[18, Remark 161. This proves the first inclusion. The other inclusion 
follows by the same argument. Hence, Jk( D( L)) = @ D( L)“wylwy . . . WY, 
where the direct sum ranges over all (m,, m2, . . . . m,)E Z’. But then it 
follows by Corollary 2.3 that Jk(D(L)) = D(L)“[w,, w2, . . . . w,; w;‘, 
-1 w2 3 . . . . w, ~ ‘1. Moreover, it is easily seen that the k-linear map 4: 
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D(L)“[n,(L)] + Jk(D(L)) defined by Q(aX’) = UW~~W~. . . ~7, where 
a E D(L)” and A= m, 1, + m,12 + . . . + mr A,, is an isomorphism of 
k-algebras. This proves (1). Furthermore, L acts locally nilpotently on 
D(L)“. Then by a careful analysis of [13, Thms. 3.2, 3.51, there exist non- 
negative integers m and n, xi, yi, Z~E D(L)” (i = 1, 2, . . . . m; j= 1, 2, . . . . n) 
and a nonzero element z~EZ(D(L)) such that Z(D(L)“),,=Z(D(L)), 
cz,, z2, . . . . z,], which is a pure transcendental extension of Z(l)(L)),,, 
and (D(L)“),, = Z(D(L)“),,[x,, x2, . . . . x,; y,, y,, . . . . y,] with relations 
[-xi, xi] = 0 = [ yi, yj] and [xi, yj] = dUz? for all i, j= 1, 2, . . . . m and where 
p is a nonnegative integer and 6, is the Kronecker delta. Since z0 is an 
invertible element of Z(D(L)) and Z(D(L)) c Z(D(L)“) c D(L)“, we have 
that Z(l)(L)),, = Z(D(L)), Z(D(L)“),, = Z(D(L)“), and (D(L)“),,= D(L)“. 
Replacing xi by xiz;J’ and yi by yiz;P, we obtain that D(L)” = 
~,(Z(~(L)“)). 
This proves the theorem. 
Remark 2.5. (a) Note that the proof of parts (2) and (3) of 
Theorem 2.4 holds for each ad L-stable (associative) subalgebra of D(L)” 
which contains Z(D(L)). Moreover if one replaces D(L)” by U(L)’ and 
repeats the foregoing reasoning, one obtains the following result: 
If S is an (associative) ad L-stable subalgebra of U(L)’ which contains 
Z(U(L)) (in particular, S= U(L)“), then there exists an element 
zbcZ(U(L)) such that S,6=A,.(Z(S,;I)) for some nonnegative integer m’ 
and there exist z;, z;, . . . . z: E S which are algebraically independent over 
Z( U(L))+ such that Z(S,$ = Z( U(L)),[z;, z;, . . . . z:]. 
(b) The nonnegative integers m, n, and r are isomorphism invariants 
of Jk(D(L)): 
r = Z-rank of the free abelian group /iD( L), 
m = Krull dimension (in the sense of R. Rentschler and 
P. Gabriel [ 121) of the localization D(L)&,,,,o~,jo~, 
n = transcendence degree of Z(D(L)“) over Z(l)(L)). 
In particular, since Jk(D(L)) = (Jk( U(L))),, where E is the multiplicative 
system of all semi-invariants of U(L) [18, Cor. 181, the Gelfand-Kirillov 
dimension of Jk( U(L)) is given by 
GKdim Jk( U(L)) = GKdim Jk(D(L)) 
= rank, A,(L) + 2Kdim D(L)&,,,,O,,t,) 
+ tr deg, Z(D(L)“) 
[ 1, Lemma 3.1(f); 28, Prop. 3.53. An upper bound for the Gelfand-Kirillov 
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dimension of Jk(U(L)) which is much easier to compute is given by 
Corollary 4.5. 
(c) As observed in Corollary 2.3, Sz( U(L)) c Jk( U(L)) c U(L,). 
These inclusions may be proper as is shown by the following example: let L 
be the 4-dimensional Lie algebra over R with basis {x, y, z, t} and non- 
vanishing brackets [x, y] = z, [t, y] = y, and [t, z] = z. Then 
n(L) = { rnp 1 m is a nonnegative integer >, 
where ,D E L* is defined by p(t) = 1 
and p(x) = p(y) = ,u(z) = 0 
U(L),, = IRZ” 
U(L)mp= i (qyy- 
i i=O I I 
Cl;E R 
L,=Rx@Ry@Rz. 
so Sz(u(L))=R[z]~Jk(u(L))=R[y,z]~ U(L,)=R[x, y,z]. 
COROLLARY 2.6 [20]. ( 1) Let wl, w2, . . . . w, be as in Theorem 2.4( 1). 
Then Sz(D(L)) = Z(D(L))[w,, w2, . . . . w,; w;‘, w;‘, . . . . w;‘]. In particular, 
Sz(D(L)) is isomorphic (as a k-algebra) to the group ring Z(D(L))[A,(L)]. 
(2) Sz(D(L)) is a Noetheriun domain. 
(3) Sz(D(L)) is a maximal order in its division ring of quotients. 
Proof Part (1) follows by a similar argument as in the proof of part (1) 
of Theorem 2.4. Parts (2) and (3) are observed by (l), the fact that 
Z(D(L)) is a commutative field, and [24, Cor. 10.2.8; 19, Cor. 3.21, respec- 
tively. 
COROLLARY 2.7. (1) Z(Jk(D(L)))= Sz(D(L))[z,, z~,..., z,] is a pure 
transcendental extension of Sz(D(L)) by some zl, z2, . . . . z, E Z(D(L)“). 
Moreover, Jk(D(L)) = A,(Sz(D(L))[z,, z2, . . . . z,]). 
(2) Jk(D(L)) is a right and left Noetheriun ring. 
(3) Jk(U(L)) and Jk(D(L)) h uve the same division ring of quotients. 
(4) Jk(D(L)) is a maximal order in its division ring of quotients. 
(5) Z(Jk(D(L))) is a Noetheriun unique factorization domain. 
Proof Let us use the same notations as in Theorem 2.4. Since 
2, . ..) w,, w; I, w; ‘, . ..) w; ’ 
z$es 
E Z( Jk(D( L))) by Corollary 2.3, Theorem 2.4 
that Jk(D(L))=A,(Z(D(L)“)[w,, w2, . . . . w,; w;‘, w;‘, . . . . w;‘]). 
Hence, Z(Jk(D(L))) = Z(D(L)“)[w,, w2, . . . . w,; w;‘, w;‘, . . . . w;‘] = 
(Z(D(L)))[w,, ~2, . . . . w,; w;‘, wz’, . . . . w,‘l)Cz,, ~2, . . . . z,l = S@(L)) 
cz r, z2, . . . . z,] by Corollary 2.6(l). We still have to show that zr, z2, . . . . z, 
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are algebraically independent over Sz(D(L)). Therefore, consider a 
relation of the form C, apzf’ zZp2.. . z,” = 0, where p = (p,, p2, . . . . p,) is an 
n-tuple of nonnegative integers and with only a finite number of nonzero 
up E Sz(D(Z,)). Now by Corollary 2.6( 1) each ap has a unique expression of 
the form ap = C,,, b,, wylwy2.. . wyr, where m = (m,, m,, . . . . m,) is an 
r-tuple of integers and with only a finite number of nonzero b,, E Z(D(L)). 
g bparticular, C,,, (‘& b,, zflz$Q ... z,P.) wylwy .. . w: = 0. Now 
p ,,z~‘z~.-.z,P.EZ(D(L)~)~D(L)’ implies that J$b,z{lz$Q...z,P”=O 
for all m, since Jk(D(L)) is the direct sum of all D(L)” ~~1~~2 9..WY. 
But z,, z2, . . . . z, are algebraically independent over Z(D(L)), so b,, = 0 
for all m and all p. In particular, each up = 0. This proves (1). Parts (2) and 
(4) then follow by (1 ), Corollary 2.6, and [7, 12.2, Thm. 3, and Example 31 
and [16, Prop. 1.3.1, Cor. V.2.6, and Prop. V.2.71, respectively. Further- 
more, (3) is observed by [18, Prop. 171 and Corollary 2.3, and (5) is a 
consequence of (1) Corollary 2.6(2), and [ 15, Prop. 11. 
Remark 2.8. Note that zr, z2, ..,, z,, wr, w2, . . . . w, are algebraically 
independent over Z(D(L)) as is shown in the proof of (1) of the preceding 
corollary. 
Before we state the next theorem, we fix some more notation: Ai denotes 
the localization of A, at the multiplicative system generated by the elements 
y,, y2, . . . . y, of the set {x1, x2, . . . . x,; y,, y,, . . . . y,} of canonical generators 
of A, (i.e., x1, x2, . . . . x,; y,, y2, . . . . y, generate A, with [xi, xj] = 
[y,, yj] = 0 and [xi, y,] = 6,, the Kronecker delta). Furthermore, if A is a 
k-algebra and a: L --+ Der A: x + a, a Lie algebra homomorphism of L in 
the derivation algebra Der A of A, then we denote by A[L], the vector 
space A Qk U(L) transformed into a k-algebra by the multiplication rule 
(1@x)(a@1)=(a@1)(1@x)+~,(a)O1 forallxELandaEA (formore 
details see [2, Satz 4.21). 
THEOREM 2.9. If L is an algebraic Lie algebra, then L, is complemented 
in L by an abelian subalgebra T (dim T= rank,A.(L) = r) such that 
g Z(W))Cz,, ~2, . . . . z,l O,c A, Q,c A:, 
where a is the restriction to T of the adjoint representation of L in D(L). 
Proof: Since L is algebraic, it is of the form L = NO S@I A, where N is 
the nilradical of L, S a semisimple subalgebra (in fact a Levi factor), and A 
an abelian subalgebra which acts semisimply on L [6, Prop. V.4.61. Let 
(4, A,, ..-, A,} be a Z-basis for the free abelian group A,(L). I,, 1,, . . . . 1, 
have to be linearly independent over k [20, Thm. 3.31 by the algebraicness 
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of L. Now NO SC L, = fir= I ker Ai implies that there exist k-linearly 
independent elements t i, t2, . . . . t,eA such that A,(t,)=6, (i,j=l,2 ,..., r). 
Let T=kt,@kt,@ ... 0 kt,. Then T is an abelian subalgebra of L which 
acts semisimply on L. Consequently, T acts semisimply on each element 
U,(L) of the canonical filtration of U(L) [ 10, 2.3.11, and hence also on 
each finite-dimensional T-submodule of U(L). But then U(L)“(T) = 
U(L),(T) for all v E T* (where the postscript (T) denotes that we consider 
U(L) only as a T-module) [ 18, Prop. 191. In particular, for all ;1 E A(L), 
U(L)‘I’( T) = U(L),,(T), where 1’ denotes the restriction of A to T. Now let 
WE D(L)“. Then by [18, Prop. 171 there exist a I E A(L) and UE U(L)“, 
0 # u E U(L), such that w = uu-l. By the preceding, [t, w] = (ad t(u) - z4u-l 
ad t(u)) u-l= (A(t) u-~u~‘A(t) u) u -’ = 0 for all t E T. So T commutes 
with D(L)” and hence the same holds for U(T). Furthermore, tiwi- witi= 
[tj, wi] = Ai w, = hiiwi = 6,w, for all i,j = 1, 2, . . . . r and where 
Wl, w2, .--, w, are defined as in Theorem 2.4. But then [w,- ‘tj, wi] = 
(w;‘ti) wi- wi(w;1tj)=6ti since wi, w2, . . . . w, commute. Moreover, 
[w,:$, w,y’tj] = (W;‘ti)(W,~‘tj)-(W,-‘tj)(W;‘ti)= w,~‘(w,-‘ti-s,w;‘) tj 
- w,~‘(w;~~~-~~~w~~‘) ti=O. Settingxi= w,:‘tjandyi= wi, we observe that 
R=k[w,, w2, . . . . w,; w;‘, w;l, . . . . w;‘][T], is isomorphic (as a k-algebra) 
to A: [2, Satz 4.21. Furthermore, as the k-linear map 4: Jk(D(L)) -+ 
D(L)” ok R (resp. $: U(T) + D(L)” Qk R) defined by d(aw;tlwy* ... WY) = 
a@w7’w’31*...w~ for all a E D(L)” and m,, m2, . . . . m, integers (resp. $(o) = 
10 u for all u E U(T)) are k-algebra homomorphisms atisfying e(t) d(w) = 
4(w) ‘h(t) +&a,(w)) f or all t E T and w E Jk(D(L)), there exists a k-algebra 
homomorphism x: (Jk(D(L)))[ Tla + D(L)” Ok R such that xIJk(D(LjJ = 4 
and xIUcTJ= $ [2, Satz 4.21. On the other hand, the k-linear map v]: 
D(L)” Ok R + (Jk(D(L)))[ Tla defined by ~(a 0 V) = (a@ 1) u for all 
UE D(L)” and u E R is also a k-algebra homomorphism. But ~0 rj = 
id D(L)“c& R and ? o x = i4Jk~D~L~~~CT~pr where id denotes the identity map. In 
particular, q and 1 are k-algebra isomorphisms and (Jk(D(L)))[Tla % 
D(L)” Ok R z D(L)” Ok A: z Z(D(L))[z,, z2, . . . . z,] Ok A, Ok A: by 
Theorem 2.4. 
COROLLARY 2.10. Zf L is an algebraic Lie algebra, then L, is com- 
plemented in L by an abelian subalgebra T (dim T= rank, A,(L) = r) such 
that (SZ(D(L)))[T]~ is isomorphic (as a k-algebra) to Z(D(L))@,Ai, 
where 8 is the restriction to T of the adjoint representation of L in D(L). 
ProoJ: This follows by Corollary 2.6( 1) and an argument similar to that 
in the proof of Theorem 2.9. 
Remark 2.11. Observing that T is a complementary subspace of L, in 
L, we get by Corollary 2.3 that (Jk(D(L)))[T], gJk(D(L)). U(T) = 
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U(T) +Jk(D(L)) (as k-algebras), where Jk(D(L)) . U(T) denotes the k-linear 
subspace of U(L) generated by { wp 1 w E Jk(D(L)) and p E U( 7’)). Similarly, 
(SZ(D(L)))[T]~ 2 Sz(D(L)) . U(T) = U(T) -Sz(D(L)) (as k-algebras). 
3. STABILITY UNDER DERIVATIONS 
In this section we want to show that each weight space D(L)” and U(L)” 
is stable under each derivation D of L, extended to D(L)A [lo, 
Props. 2.4.9(i), 3.6.181. We denote this extension again by D. We also use 
the same notation for the extension of an automorphism of L to D(L). 
PROPOSITION 3.1. For each automorphism cr of L and for each function I 
from L to k, a(D(L)“) = D(L) aOa-L In particular, D(L)” is stable under each . 
automorphism of L. Furthermore, the same results hold for U(L). 
Proof: Let CJ be an automorphism of L and I a function from L to k. 
Take w E D(L)” and x E L. Then there exists a unique element y E L such 
that c(y) = x. Furthermore, [ad y ~ n(y)]” w = 0 for some nonnegative 
integer n. But then [adx-;1oa-‘(n)]“a(w)= [ada(-;l(y)]“a(w)= 
a( [ad y-n(y)]” w) = ~(0) = 0. So (T(W)E D(L)“““-’ and o(D(L)“) c 
D(L)“““+ On the other hand, D(L)“““~‘=o~o~‘(D(L)“““~‘)c 
W(L) A”am’o(om’)m’) = o(D(L)“) c D(L)““” ‘, as 0-l is alSo an 
automorphism of L. In particular, a(D(L)“) = D(L)‘““-‘. By U(L)” = 
D(L)” n U(L), the proposition is settled. 
COROLLARY 3.2. Jk(U(L)) and Jk(D(L)) are stable under each auto- 
morphism of L and, hence, also under each derivation of L. 
Proof: This follows from Proposition 3.1, [ 10, 2.4.161, and the fact that 
Jk(D(L)) = Jk( U(L)),. 
THEOREM 3.3. For each function 1 from L to k, U(L)” and D(L)” are 
stable under each derivation of L, extended to D(L). 
ProojI Since U(L)” = D(L)” n U(L), it is sufficient o prove the theorem 
for D(L)“. We may also assume that D(L)” is nonzero. Then 1~ A.(L). 
Now let k’ be the algebraic closure of k and put L’ = LOk k’. If 2’ is the 
k’-linear extension of 1 to k’, then A’ E A,(L’) [ 18, Prop. 61. By 
Proposition 3.1 we know that I’ 0 CJ - ’ E A,(L’) for all automorphisms c of 
L’. Hence, the contragredient action of Aut L’ on L’* maps /i ,,(L’) into 
itself. Now let (Aut L’)’ be the connected component of the algebraic 
group Aut L’ [26, Prop. 2.2.11 and let 0 be the orbit of ;1’ under the action 
of (Aut L’), on L’*. Then 0 is a locally closed, irreducible variety [26, 
481/122/l-15 
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Lemma 4.3.13. Since 0 is also contained in the free abelian group n,(L’), 
it is a finite set and thus 0 = {A’}. In particular, a(D(L’)“‘) = D(L’)” for all 
QE (Aut L’)‘. Since the Lie algebra of the algebraic group (Aut L’)’ is the 
Lie algebra of derivations of L’ [26, 3.3.10, Ex. 51, D(L’)” is stable under 
each derivation of L’. Now each derivation D of L is also a derivation of 
L’, so D(D(L)“) c D(L’)” n D(L) = D(L)A. This proves the theorem. 
4. SOME RESULTS FOR C,(L”) 
Before we extend Corollary 2.7(4) to Cu(Lm), we introduce some more 
notation: S(L) will be the symmetric algebra of L and its field of fractions 
is denoted by R(L). Furthermore, if M is a subalgebra of L, S(L)M (resp. 
R(L)“) is the set of invariants of S(L) (resp. R(L)) under the action of 
ad M (extended to S(L) (resp. R(L))). Finally, (U,(L)),,, denotes the 
canonical filtration of U(L) [ 10, 2.3.11 (where we put U,(L) = (0) for all 
negative integers n). 
PROPOSITION 4.1. Let M be a subalgebra of L. Zf C,(M) has a division 
ring of quotients Fr(C,(M)), then C,(M) is a maximal order in Fr(C,(M)). 
ProoJ: C,(M) is filtered by (U,,(L)n C,(M)),.,, which is an 
exhaustive and a discrete filtration. In particular, each left (resp. right) 
ideal of C,(M) is closed for the topology induced by the filtration. Further- 
more, the associated graded algebra is equal to S(L)“” [14, Lem- 
ma 2.4(ii)], which is a commutative domain and its field of fractions 
Fr(S(L)“) is contained in R(L)“. Now let VEFT(S(L)~) for which there 
exists c E S(L)“” such that cv” E S(L)M for all nonnegative integers n. As 
S(L) is completely integrally closed, v E S(L). Hence, v E R( L)M n S(L) = 
S(L)“. So S(L)M is completely integrally closed and thus a maximal order 
in Fr(S(L)“) [16, Prop. I.S.l]. Since C,(M) has a division ring of 
quotients Fr(C,(M)), it is a maximal order in Fr(C,(M)) [S, Prop. 1.31. 
COROLLARY 4.2. C,(L”) is a maximal order in its division ring of 
quotients. Zn particular, if L satisfies the splitting condition, then Jk( U(L)) is 
a maximal order in its division ring of quotients. 
Proof By Proposition 4.1 it is sufficient to show that Cu(Lm) has a 
division ring of quotients. Therefore, let k’ be the algebraic closure of 
k and put L’=L@,k’. Then (L’)“=L”O@,k’ and C,,,T,((L’)co)= 
Cu(Lo3) Ok k’. But Co(L,J ((L’)“)=Jk(U(L’)) has a division ring of 
quotients which is equal to Fr(Jk(D(L’))) by Corollary 2.7(3). So if 
U, v E C,(L”), u #O, there exists a, be C,,,.,((L’)“), b #O, such that 
ub = va. Now let {~l~)~~, be a basis for k’ as vector space over k. Then a 
and b have a unique expression of the form a = Cit, aia; and b = Cis, Olibi 
JORDANKERNELOFENVELOPINGALGEBRAS 221 
for only a finite number of nonzero a, and b,~ C,(L”). But then 
Cie 1 ai(ubi) = Cie, gi(Uai). H ence, ub, = uai for all ie I. As b # 0, some 
bi # 0, which proves the lemma, since the other Ore condition is analogous. 
LEMMA 4.3. If M is a subalgebra of L whose radical acts nilpotently on 
L, then R(L)M is the field of fractions of S(L)“. 
Proof: Each element u E R(L)M is of the form u = ab- ’ (b # 0), where 
a, b E {u E S(L) 1 ad x(u) = n(x) u for all x E M} for some character 1 of M 
[ 14, Lemma 2.51. In particular, A is zero on each Levi factor of M. Since 
the radical of M acts nilpotently on L, it acts locally nilpotently on S(L) 
and hence J. is zero on it. So A= 0 and a, b E S(L)“. The other inclusion is 
clear. 
PROPOSITION 4.4. Let M be a subalgebra of L whose radical acts 
nilpotently on L. Suppose {x,, x2, . . . . x,,, xp+ , , . . . . x,} is a basis for L over k 
such that {x1, x2, . . . . x,} is a basis for M over k. Then the Gelfand-Kirillou 
dimension of C,(M) is given by 
GKdim Claw = dim L - rankR(L)((Cxir xj]):, ;,3...,p h 
3 ,....n 
where the rank of the matrix ([xi, x,])~= 1,2 ,,_,, p, j= ,,2 ,.,., , is computed in R(L). 
Proof As observed in the proof of Proposition 4.1, C,(M) is a filtered 
k-algebra and its associated graded algebra gr C,(M) is equal to S(L)“. 
Now gr U(L) = S(L) [lo, 2.3.71 is a finitely generated commutative 
k-algebra without zerodivisors, so GKdim C,(M) = GKdim S( L)M [ 1, 
Satz 5.71. By Lemma 4.3, the field of fractions of S(L)M is equal to R(L)“. 
Hence GKdim C,(M) = GKdim S(L)“‘= GKdim R(L)M = tr deg, R(L)M 
[ 1, Satz 3.1 (f) and Beispiel 2.11. Now let M = S@ R be a Levi decom- 
position of M, where S is a semisimple subalgebra and R is the radical of 
M [lo, Thm. 1.6.91. Then ad,R is the radical of ad,M and, by the 
assumption, it consists of nilpotent endomorphisms. In particular, it is an 
algebraic Lie algebra [6, Prop. V.3.143 and hence so is ad,M [6, 
Prop. V.3.191. But then 
GKdim C,(M) = tr deg,R(L)M = dim L - rank,(,,((Rixj),, 1,2,...,m), 
j= 1,2,....n 
where (E, , E,, . . . . E,} is a basis for ad M over k [9, Lemme 71. Since 
1 Xl, x2, . . . . xp } is a basis for M over k, (ad x,, ad x2, . . . . ad x,} generates 
ad M as a vector space over k. Hence, 
rank.c,J(Eixj)i= 1,2 ,..., ,I = rankR&(Cxi, xjl)~~ ;.; ,..., p). 
j= 1,2,....n > ,...,n 
This proves the proposition. 
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COROLLARY 4.5. If (~1, ~2, . . . . x,,, X, + 1, . . . . x,} is a basis for L over k 
such that {x,, x2, . . . . x,} is a basis for L” over k, then 
GKdim Calm) = dim L - rank.&([xj, xj])i= 1,2,...,,). 
j= 1,2,...,n 
Moreover, GKdim Jk( U(L)) < GKdim Ct,(Los) and equality occurs tf L 
satisfies the splitting condition. 
Proof By the previous proposition we only need to show that the 
radical of L” acts nilpotently on L. Therefore, let R be the radical of L. 
Then R n L” is the racical of L” [3, Sect. 5, Cor. 3 of Prop. 51. Now 
R n L” c R n [L, L], which is the nilpotent radical of L [ 10, 1.7.21. So 
R n L” is a nilpotent ideal of L. This proves the first claim. The second 
part is immediate by Proposition 1.5. 
THEOREM 4.6. Let M be an ideal of L whose radical acts nilpotently on 
L. Suppose {x1, x2, . . . . x,, xp + , , . . . . x,} is a basis for L over k such that 
{ x1, x2, . . . . x,> is a basis for M over k. Then the following conditions are 
equivalent :
(1) C,(W=Z(U(W) 
(2) GKdim C,(M) = GKdim Z(U(M)) 
(3) rank,d(Cxi, Xjl);; ;.;....p) - rank.&(Cx,, xjl)i,j= 1,2,...,p) 3 ,...,n 
=dim L-dimM. 
Proof (1) o (2). Assume that GKdim C,(M) = GKdim Z(U(M)). It 
is obvious that Z(U(M))c C,(M). Now take an arbitrary element 
z E C,(M) and consider the k-subalgebra Z( U(M))[z] of C,(M) generated 
by Z(U(M)) and z. 
Then GKdim Z( U( M)) < GKdim Z( U(M))[z] < GKdim C,(M) = 
GKdim Z( U(M)) by assumption. In particular, Z(U(M))[z] is an 
algebraic extension of Z(U(M)) and hence, there exist a nonnegative 
integer n and ai E Z( U(M)), not all zero, such that a,z” + 
a .-IZ 
n-1 
+ ... +a,z+a,=O [14, Lemma3.11. As U(L) has no 
zerodivisors, we may assume that a, #O. But then (a,z”-’ + 
a,_,z”-2 + . . . + a, ) z = -a, E Z( U(M)) c U(M). Since M is an ideal of L, 
this implies that ZE U(M) [17, Lemme Xl(i)] and thus 
z e C,(M) n U(M) = Z( U(M)). 
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(2) o (3). By Proposition 4.4, 
GKdim Z( U(M)) = GKdim C,,,,(M) 
= dim M - rank R(M)((lIXi9 x,l)i,j=1.2 ,..., p) 
= dim M- rankRcLj((Cxi, xjl)i,j= l,z,...,p). 
The claim now follows by the same proposition. 
Remark 4.7. (a) In general C,(M) is not equal to Z( U(M)). Indeed, if 
L is a nonzero nilpotent Lie algebra, then L” = (0) and hence 
Z(U(L”))=ks U(L)=C,(L”). 
(b) If H is a subalgebra of L which contains a subalgebra M of L for 
which C,(M) = Z( U(M)), then C,(H) = Z( U(H)). Indeed, Mc N implies 
that C,(H) c C,(M) = Z(U(M)) c U(M) c U(H), and thus C,(H) = 
Z( U(H)). In particular, Z( U(H)) is algebraically closed in U(L). 
5. FACTORIALITY OF Z(JK(U(L))) 
LEMMA 5.1. Let E be the multiplicative system of semi-invariants of 
U(L). Then Z(Jk(D(L))) = (Z(.Ik( U(L)))),. 
Proof: First note that E c Z(Jk( U(L))) c Z(Jk(D(L))) by Corol- 
lary 2.3. Hence, (Z(Jk( U(L)))), cZ(Jk(D(L))). On the other hand, if 
wEZ(Jk(D(L))), then w=uv-l for some uEJk(U(L)) and VGE. So 
u = WV E Z(Jk(D(L))) n Jk( U(L)) = Z(Jk( U(L))). 
THEOREM 5.2. If each irreducible semi-invariant of U(L) is a prime 
element in Z(Jk( U(L))), then Z(Jk( U(L))) is a unique factorization domain 
(UFD). 
Proof: Since each semi-invariant of U(L) is the product of irreducible 
ones [ 17, Thm. 111.3; 15, Thm. 7; 8, Prop. 1.51, it is sufficient to show that 
each nonscalar element of Z(Jk( U(L))) is the product of irreducible 
elements in Z(Jk(U(L))) by [7, Thm. 11.3.5(ii)], Lemma 5.1, and 
Corollary 2.7(5). Therefore, let u be a nonscalar element of Z(Jk( U(L))). If 
u is irreducible in Z(Jk( U(L))), there is nothing to prove. Otherwise, let CI 
and b be nonscalar elements of Z(Jk( U(L))) such that u = ab. Now for 
each nonzero v E U(L) let deg(v) be the smallest integer m such that 
v E U,,,(L). Then deg(a), deg(b) < deg(u) [ 10, Cor. 2.3.9(ii)]. Repeating this 
procedure with a and b, we finally get that a, b and hence also u are the 
product of a finite number of irreducible elements in Z(Jk(U(L))). 
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Remark 5.3. Let k’ be the algebraic closure of k and L’ = L Qk k’. Then 
U(L’) = U(L)@, k’ [lo, 2.2.201 and each CTE Gal(k’/k) = Aut,k’ can be 
extended to a k-automorphism, also denoted (T, of L’ and of U(L’). Since k’ 
is Galois over k, u E U(L) if and only if a(u) = u for all (T E Gal(k’/k). Now 
let u be a weight vector of U(L’) with weight 1 E A,(L). Then a(u) is a 
weight vector of U( L’) with weight (T 0 10 c - ‘. Indeed, for each x E L’ 
there exists a unique element y E L’ such that x = o(y). Furthermore, 
[ad y - n(y)]” u = 0 for some nonnegative integer n. But then [ad x - 0 0 
Ao~~‘(x)]“a(u) = [ado(y)-aol(y)]“a(u) = a([adv--Q)]“u) = 
o(0) = 0. 
LEMMA 5.4. Let u and v be nonzero elements of U(L). If uv and v belong 
to Jk( U(L)), then so does u. 
Proof. Let k’ be the algebraic closure of k and L’ = LQk k’. Then 
uv, vEJk(U(L))c Cu(Lm)c C,(L”)@, k’=C,,,.,((L’)“) and thus U= 
(uv) u-l E CD(&(L’)m) n U(L’)= c ucL,j((L’)oo) = Jk(U(L’)) by Proposi- 
tion 1.5. So u has a unique expression of the form u = u1 + u2 + ... + U, (l), 
where 0 # ui E U(L’)“’ with ,$ E L’*. We show that ZJ E Jk( U(L)) by induc- 
tion on r. If r = 1, then u = u1 is a weight vector of U(L) since u E U(L). 
Now let r > 1. Take (TE Gal(k’/k)= Aut, k’ arbitrary. Then u=a(u) = 
a(~,) + a(uz) + ... + a(~,) (2) and each g(ui) is a nonzero weight vector of 
U(L’) with weight 0 0 lio (TV’ as noticed in the previous remark. By the 
uniquenesss of the decomposition of U, we see that {rr(ul), c(u2) ,..., 
4%)) = (u1,4, ...> ur} and {~~~~oc-~, ~JO&O(T-~, . . .. ~~OIz,o~~l} = 
{L 4, ...9 A,}. Now write v = u1 + v2 + . . . + v, with 0 # uig U(L)p8, where 
pisL*. Then uv=u,v,+ . . . +u,v,, where the uiuj are weight vectors 
of U(L’) with weight lli+ pi., where U; denotes the k’-linear extension 
of pj to L’. On the other hand, uv has an expression of the form uv = 
w1 + w2 + ... + w, with 0 # wie U(L)“‘, where VIE L*. Comparing these two 
expressions, we see that vi = & + & for some i and j (vi is again the 
k’-linear extension of v1 to L’). Restricting these linear functionals to L, we 
get liI.=(v;-~~)l.=v,-~jiL*. Consequently, (T 0 li 0 6 ’ = li since 
both k’-linear functionals take the same value on each x E L. Since 0 was 
arbitrary, (1) and (2) yield that a(~,)= ui for all a~Gal(k’/k). In 
particular, ui is a weight vector of U(L) by the preceding remark. 
So (U - ui) u = uv - uiv E: Jk( U(L)). The induction hypothesis now gives 
u - ui E Jk( U(L)) and therefore u E Jk( U(L)). 
COROLLARY 5.5. (a) Jk(D(L)) n U(L) = Jk(U(L)). 
(b) Z(JWW))) n U(L) = Z(Jk(W))). 
Proof: Let 0 # u E Jk(D(L)) n U(L). Then u = WV-~ for some 
w E Jk( U(L)) and semi-invariant u of U(L). Hence, uu = w and v are non- 
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zero elements of Jk( U(L)). The previous lemma now finishes the proof of 
(a). Part (b) follows easily from (a). 
PROPOSITION 5.6. If L is a semisimple or a solvable Lie algebra, then 
Z(Jk(U(L))) is a UFD. 
Proox If L is semisimple, then Jk( U(L)) = Z( U(L)) = Sz( U(L)) [ 18, 
Cor. 51 which is a UFD [17, Thm. 111.3; 15, Thm. 7; 8, Prop. 1.63. So we 
may assume that L is solvable. By Theorem 5.2 it is sufficient o show that 
each irreducible semi-invariant p of U(L) is a prime element in 
Z(Jk( U(L))). Therefore let a, b E Z(Jk( U(L))) such that p divides ab in 
Z(Jk( U(L))). Since L is a solvable Lie algebra, U(L)p is a prime ideal of 
U(L) [ 17, Prop. IV.4; 8, Cor. 1.213 and thus completely prime [ 10, 
Thm. 3.7.21. In particular, ab E U(L) p yields that a E U(L) p or b E U(L) p. 
Suppose a E U(L) p. Then a = up for some u E U(L). But u = ap- ’ E 
Z(Jk(D(L))) n U(L) = Z(Jk( U(L))) by the previous corollary. So p divides 
a in Z(Jk( U(L))). 
PROPOSITION 5.7. Zf Z(Jk( U(L))) c Z(U(L”)) or Z( U(L,)), then 
Z(Jk(U(L))) is a UFD. 
ProoJ: Again it is sufficient to show by Theorem 5.2 that each 
irreducible semi-invariant p of U(L) is a prime element in Z(Jk(U(L))). 
Therefore let a, b EZ(Jk( U(L))) such that p divides ab in Z(Jk(U(L))). 
Suppose Z(Jk( U(L))) c Z( U(L”)). Since p is an irreducible element in 
U(L) [S, Prop. 1.3(a)], it is also an irreducible element of Z(U(L”)). As 
noticed in the proof of Corollary 4.5, the radical of L” is nilpotent and 
thus Z(U(L”))= Sz(U(L”)) [25, 4.6(3)]. But then Z(U(L”)) is a UFD 
[ 17, Thm. 111.3; 15, Thm. 73 and hence p is a prime element of Z( U(L”)). 
Consequently, p divides a or b in Z( U(Lm)). Suppose p divides a in 
Z( U(L”)). Then a = up for some ~EZ(U(L~)) c U(L) and thus 
24 = ap -’ E Z(Jk(D(L))) n U(L) = Z(Jk(U(L))) by Corollary 5.5. So p 
divides a in Z(Jk( U(L))). Furthermore, since also Z( U(L,) = Sz( U( L,,)) 
[8, Thm. 1.19(l)], the same arguments prove the corollary in the case that 
Z(Jk(U(L))) = Z(U(LA)). 
Remark 5.8. The condition in Propostion 5.7 is satisfied in particular if 
Cu(Lm) =Z(U(L”)). (Whether the latter holds or not can easily be 
checked by using Theorem 4.6.) In that case, Jk( U(L)) is a UFD. 
LEMMA 5.9. Let u E U(L) and v E Jk( U(L)) be nonzero elements. Zf uv is 
a weight vector of U(L), then so are u and v. 
Proof By Lemma 5.4, u E Jk( U(L)). So u = ui + . . + u, and v = 
v1+ . . . + v, for some unique 0 # ui E U(L)“’ and 0 # vj E U(L)% Since A(L) 
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is a totally ordered monoid [21, p. 1231, we may assume that II, < . . . < i, 
and p, < ... <pL,. Then uu=u,v,+ ... +u,u,, where O#U~V~E U(L)“+p~ 
and Ji+pr< ... < 1, + pL,. As uu is a weight vector of U(L), this is only 
possible if r = 1 and s = 1, yielding that u and u are weight vectors of U(L). 
COROLLARY 5.10. ZfZ(Jk(U(L))) is c1 UFD, then each weight vector of 
U(L) belonging to Z(Jk( U( L))) can be written as a product of irreducible (in 
Z(Jk( U(L)))) weight vectors of U(L) belonging to Z(Jk( U(L))). 
6. THE CASE WHERE L Is FROBENIUS 
We recall that a Lie algebra L over k is Frobenius if it admits a linear 
functional f E L* such that the alternating bilinear map Bf : L x L -+ k 
sending (x, y) into f ([x, y]) is nondegenerate, or what is equivalent, if the 
matrix ([xi, x~]),,~= ,,2 ,,,_, n, where {xi, x2, . . . . x,} is a basis for L over k, has 
maximal rank in R(L) [23, 3, definition]. Furthermore, if L is Frobenius, 
then for each regular linear functional f E L* (i.e., an f E L* satisfying the 
above condition) there exists a unique element xr E L such that f 0 ad xr = f 
[23, 31. Now let f be fixed. If a E k we denote by W” the characteristic sub- 
space of ad x/ with respect to c( (i.e., the set of elements x E L such that 
(ad x,. - a)“l x = 0 for some nonnegative integer m), and, if V is a linear 
subspace of L, we denote by Vi the orthogonal complement of V in L with 
respect to B,. 
LEMMA 6.1. Zf L is a Frobenius Lie algebra, then, with the same notation 
as above, W” n (L”)‘= (0). 
Proof: Let XE Won (L”)‘. Then (ad x/)” x = 0 for some nonnegative 
integer p by definition of W”. On the other hand, ad x,(L”) c L” as L” is 
an ideal of L, and hence ad x,((L”)‘) c (L”)’ [23, Thm. 3.3(l)]. In par- 
ticular, (ad xf )‘x E (L”)’ for each nonnegative integer 1. Now let y E L be 
arbitrary. Then (ad x/ )” y EL” for some nonnegative integer q, since L is 
finite-dimensional. Put n = p + q - 1. Then f( [x, y]) = f((ad x,-)“( [x, y])) 
as f 0 ad xr =f: So by Leibniz’s rule and the linearity of f, f( [x, y]) = 
C;=,(;)f([(adxf)‘x, (adxf)“-‘y]). If Z>,p, then (adx/)‘x=O, and if 
Z<p-1, then n-l>q and thus (adxf)“-‘yELm. But this implies that 
f ( [x, y] ) = 0 since (ad xr )’ x E (L”’ )’ for all 1. As y is arbitrary, 
x E L’ = { 0} since B, is nondegenerate. This proves the proposition. 
COROLLARY 6.2. Zf L is a Frobenius Lie algebra, then (L” )I c L” and 
dim L” > fdim L. In particular, (L”)l is an abelian subalgebra of L. 
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Proof Let g be the restriction of ad xr to (L”)l. Then g: (L”)’ -+ 
(L”V is a linear transformation. Now g is injective since ker g = 
ker ad xr n (L”)l c W” n (L”)’ = (0). But then g is also surjective as 
(L”Y is finite-dimensional. So (ad xr )“((L”)‘) = (L”)’ for all non- 
negative integers m. Hence (L”)’ c L” by definition of L”. As L” is an 
ideal of L, L”n (L”)‘=(L”)’ is commutative [23, Lemma 3.2(2)]. 
Moreover, (L”)I is a self orthogonal subspace of L and hence 
dim( d tdim L [lo, 1.12.11. This proves the corollary, since 
dim L” + dim( = dim L as B, is nondegenerate. 
PROPOSITION 6.3. Let H be an ideal of a Frobenius Lie algebra L such 
that LjH is nilpotent. Then tr deg, Z(D( H)) 6 dim L - dim H and equality 
occurs tf H is ad-algebraic. 
Proof Let f~ L* be a regular linear functional of L such that the 
restriction off to H is also a regular linear functional of H [23, Cor. 2.71. 
Now tr deg, Z(D(H)) < dim H n H’ and equality occurs if H is 
ad-algebraic [22, Thm. 23. As L/H is nilpotent, L” c H and thus H’ c 
( Loa)’ c L w c H by the preceding corollary. Hence, dim H n H’ = 
dim H 1 = dim L - dim H since Br is nondegenerate. 
COROLLARY 6.4. Zf L is a Frobenius Lie algebra, then 
GKdim Z( U(L”)) = tr deg, Z(D(L”)) = dim L-dim L”. 
Proof: As already noticed in the proof of Propositions 4.4 and 4.5, the 
radical of L” is nilpotent and L O” is algebraic. Then the corollary follows 
from [ 1, 2.1; 25, 4.6(3)] and the preceding proposition. 
PROPOSITION 6.5. If L is a Frobenius Lie algebra, then C,(L”) = 
Z( U(L”)). In particular, Jk( U(L)) c Cc,(Lm) = Z( U(L”)) and equality 
occurs tf L satisfies the splitting condition. Moreover, Jk( U(L)) is a UFD. 
Proof By Theorem 4.6 and the preceding corollary, it suffices to 
show that GKdim C,(L”) = dim L-dim L”. Now GKdim C,(L”) = 
dim L - rank,&( [xi, x,1),= I ,,_,, p,i= 1 ,.,., ,) by Corollary 4.5. Since L is 
Frobenius, rank R(L)(( [xi, x,])~,~=~,...,J is maximal, and hence the 
same holds for rank R(L.)(( Cxi, xjl )I= I,._., p, j= I ,..., .I. In particular, 
rank,&( [xi, x,])~= I,.._, p,i= ,,,.., , ) = p = dim L”. This proves the propo- 
sition. 
COROLLARY 6.6. Let k’ be the algebraic closure of k and L’ = L Ok k’. If 
L is a Frobenius Lie algebra, then Jk( U(L’)) n U(L) = Z( U(L”)). 
Proof If L is Frobenius, L’ is Frobenius and hence, Jk(U(L’)) = 
Z(U((L’)“)) by Proposition6.5. But (L’)” =L”@,k’and Z(U((L’)“))= 
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Z(U(L”))@,k’ [lo, 2.2.203. So JK(U(L’))n U(L)=(Z(U(L”))@,k’)n 
U(L) = Z( U(L”)). 
PROPOSITION 6.7. If L is a Frobenius Lie algebra, then Ct,(Ca(Lm)) = 
C,(Z( U(Lrn))) = U(L”). 
Proof: Since L is Frobenius, Z(U(L)) = k [23, 33 and thus 
GKdim Z( U(L)) = GKdim k = 0 = index L. As the radical of L” is nilpotent, 
[ 14, Thm. 2.113 implies that GKdim C,(C,(L”)) = GKdim U(L”). But 
then C,(C,(L”))= U(L”) by [14, 3.61. 
COROLLARY 6.8. Let L be a Frobenius Lie algebra. If L satisfies the 
splitting condition, then C,(Jk( U(L))) = U(Lm). 
Remark 6.9. Observe that the propositions and the corollaries of this 
paragraph remain true if one replaces L” by L, and Jk( U(L)) by 
Sz( U(L)), except for Corollary 6.6, where one also needs that L satisfies the 
splitting condition. 
PROPOSITION 6.10. Let L be a Frobenius Lie algebra. If L satisfies the 
splitting condition, then 
Jk( U(L)) = Sz( U(L)) ifand only if L, = L”. 
In that case is L, = L” = [L, L]. 
Proof: First observe that Sz( U(L)) c Jk( U(L)) and that L” c [L, L] c 
L, . Thus L” = L, = [L, L] if and only if dim L” = dim L, . Now, since L is 
Frobenius and satisfies the splitting condition, GKdim Jk( U( L)) = 
GKdim Z( U(L”)) = dim L - dim L” by Proposition 6.5 and Corollary 6.4. 
On the other hand, GKdim Sz( U(L)) = dim L-dim L, by [8, Thms. 3.2(2), 
4.3(2); 1, Beispiel2.11. So L” = L, = [L, L] if and only if GKdim Jk(U(L)) 
= GKdim Sz( U(L)). Now assume that this condition is satisfied. Then 
Jk(U(L)) is an algebraic extension of Sz( U(L)) (in the sense of A. Joseph 
[14, 3.11). So if u is an arbitrary element of Jk(U(L)), there exists a non- 
negative integer n and aO, al, . . . . a, E Sz(U(L)) not all zero, such that 
a,un+a,-,u”-’ + . . . + a, u + a,, = 0. As U(L) has no zerodivisors, we 
may assume that a,#O. But then (a,u”-‘+a,-,u”-*+ ... +a,)u= 
- a,,E Sz(U(L)). Now let k’ be the algebraic closure of k and put L’= 
L Ok k’. Then u E Sz( U(L’)) by [ 17, Prop. 11.61. But since u E Jk( U(L)), this 
implies that u E Sz( U(L)). So GKdim Jk( U( L)) = GKdim Sz( U( L)) if and 
only if Jk( U(L)) = Sz( U(L)), as the other implication is obvious. 
PROPOSITION 6.11. For each nonnegative integer n, let U”(L) be the 
set of all symmetric homogeneous elements of degree n, together with 0 
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[lo, 2.3.31. If LEA(L) such that U(L), c U(L), then U(L)” c U”(L). In 
particular, U(L)‘? is a finite-dimensional vector space over k. 
Proof Let us first introduce some terminology: for each u E U(L)” we 
define the height of u (notation h(u)) to be 0 if u=O and h(u)= 
min{mIp(yl)~p(y,)~ ... op(y,)(u)=O for all y,, y,, . . . . y,eL} if u#O, 
where p(y) = ad y - I(y) for each y E L. Note that h(u) = 1 if and only if 
0 # u E U(L),. Also observe that h(u) is a nonnegative integer for each 
u E U(L)“. (Indeed, each u belongs to some U(L)” A U,(L) which is a linite- 
dimensional vector space on which each element of p(L) acts nilpotently. 
Then the claim follows from [lo, Prop. 1.3.17(i)].) Now we prove the 
proposition by induction on h(u). So let u E U(L)” and h(u) = m. If m = 0 or 
1, there is nothing to prove. Therefore, we may assume that m z 1 and that 
v E U”(L) for each v E U(L)” such that h(v) < m. Now U(L) = @ U”(L), 
where the direct sum ranges over all nonnegative integers [ 10, 2.4.61. Thus 
u can be written as u = u0 + U, + . . . + U, for some unique ui E u’(L). We 
have to show that uj= 0 if i# n. Now for all XE L, p(x)r(q,) + 
A”+ ... + p(x)“(u,) = p(x)“(u) = 0 for some nonnegative integer p. 
As each U(L) is stable under each ad x [ 10, 2.4.9(ii)], p(x)“(u,) = 0 for all i. 
In particular, each ui E U(L)“. Take arbitrary elements y, , y,, . . . . y, _ i E L. If 
P(YI)OP(Y2)0 ... ~~t~~~~)t~)=O,fhenp(~,)opt~2)~ ... ~PtYm-~MUi)=O 
for all i. On the other hand, if p(yl)op(y2)o ... op(y,-,)(u)#O, then 
P(Y)~P(Yl)~P(Y2)~ ... 0 p( ym _, )(u) = 0 for all y E L by definition of m. 
So Wyl)~dyd~ ~~~~P(Y,-,)(u))=~ and hence P(Y~)oP(Y~)o ...o 
P(Y,,-~)(u)E U(L),c U”(L) by the preceding. Since peps . . . o 
P(Y,~,)(~)=CY=,P(Y,)~P(Y~)~ ... ~PtYm-~)t~i), and as each u(L) is 
ad L-stable, p(yl)op(y2)o ... op(y,-,)(u,)=O if i#n. But then h(u,)< 
m - 1 for all i # n. The induction hypothesis now states that ui E U”(L) for 
all i # n. In particular, ui E Vi(L) n U”(L) = (0) for all i # n. So t4 = u, E 
U”(L) and the proposition is proved. 
COROLLARY 6.12. Let U”(L) be as above. If U(L) is primitive, then for 
each A: E A(L) there exists a nonnegative integer n such that U(L)‘? c U”(L). 
In particular, each U(L)* is a finite-dimensional vector space over k and each 
weight vector of U(L) is homogeneous. 
Proof Let I E A(L) and 0 # u E U(L),. Then u is homogeneous and 
U(L),= ku, since U(L) is primitive [8, Thms. 3.2(3), 3.11. Now apply the 
previous proposition. 
COROLLARY 6.13. If U(L) is primitive, then U(L)’ = k. 
Proof If U(L) is primitive, then U(L), = Z( U(L)) = k = U”(L). By 
Proposition 6.11, U(L)” c U”(L) = k and thus U(L)’ = k. 
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